The linear cosmological perturbation theory of an almost homogeneous and isotropic perfect fluid universe is reconsidered and formally simplified by introducing new covariant and gauge-invariant variables with physical interpretations on hypersurfaces of constant expansion, constant curvature or constant energy density. The existence of conserved perturbation quantities on scales larger than the Hubble scale is discussed. The quantity which is conserved on large scales in a flat background universe may be expressed in terms of the fractional, spatial gradient of the energy density on constant expansion hypersurfaces or, alternatively, with the help of expansion or curvature perturbation variables on hypersurfaces of constant energy density. For nonvanishing background curvature the perturbation dynamics is most suitably described in terms of energy density perturbations on hypersurfaces of constant curvature.
The present paper introduces a set of covariant and gauge-invariant quantities which represent suitable combinations of Ellis-Bruni type variables. Like the original Ellis-Bruni quantities, the new variables are general tensorial expressions which may be used to characterize deviations from homogeneity and isotropy without explicitly introducing a fictitious background universe, i.e., they are no perturbation variables in the conventional sense. While the Ellis-Bruni quantities are adapted to comoving hypersurfaces, the new variables are associated to constant expansion hypersurfaces, i.e., hypersurfaces of uniform Hubble parameter, hypersurfaces of constant 3-curvature, and constant density hypersurfaces.
We shall establish the connections of these new quantities both to the Ellis-Bruni variables and among themselves. We will reconsider the perturbation theory of a perfect fluid universe and we will show that the corresponding analysis formally simplifies if written in terms of the new variables. This simplification is especialy useful with respect to the characterization of a conserved quantity in the limit of large perturbation scales.
For a flat background we find expressions for the latter in terms of the fractional spatial energy density gradient (or the spatial gradient of the 3-curvature) on constant expansion hypersurfaces, or, alternatively, in terms of the expansion (or 3-curvature) gradients on constant density hypersurfaces. In the case of nonvanishing background curvature none of these quantities will be conserved, in general. Only for dust or under the additional condition that the curvature terms in the background field equations are small, the above quantities remain approximately constant. The most suitable quantity to characterize this case turns out to be the fractional, spatial gradient of the energy density on hypersurfaces of constant 3-curvature.
The paper is organized as follows: In section II we recall the gauge-problem in conventional perturbation theory and point out the relation between the gauge-invariant perturbation variables used previously by the author [14, 15] and the Ellis-Bruni variables [3] . In section III we consider the cosmological dynamics in terms of the Ellis-Bruni variables as modified by Jackson [16] . In section IV we define covariant and gauge-invariant variables associated with constant expansion hypersurfaces, i.e. hypersurfaces of constant Hubble parameter, hypersurfaces of constant curvature and constant density hypersurfaces, and we establish relations between them. In section V different expressions for largescale conserved quantities for vanishing background curvature are found and the problems to generalize these results to curved backgrounds are discussed. Section VI presents the conclusions of the paper.
II. THE GAUGE PROBLEM
The investigation of cosmological perturbations within general relativity was pioneered by Lifshitz [17] . The traditional approach (see, e.g. [5] ) starts with Einstein's field equations
(m, n.... = 0, 1, 2, 3) and splits both sides of the latter into a zeroth-order background and first-order perturbations about this background:
Provided, the zeroth-order problem G (0)
mn is solved, one has to study the set of perturbation equationŝ
Restricting ourselves to a perfect fluid with the energy-momentum tensor
where ρ is the energy density, p is the pressure, u m is the 4-velocity and h mn = g mn + u m u n , the equations (3) represent a system of differential equations for the perturbation quantitieŝ
None of these quantities is gauge-invariant, i.e., invariant under infinitesimal coordinate transformations
Assuming a homogeneous and isotropic, comoving (i.e., u m(0) = (1, 0, 0, 0),) zeroth order, the transformation properties of these quantities are (see, e.g., [5] , chapter 10.9)
where we have used ρ
,n u n(0) etc. in the comoving zeroth order, and
One may either chose now a specific gauge, e.g., the traditionally preferred synchronous gauge, or try to find a gauge-invariant desciption ( [1] ). In the latter case one may look for suitable combinations of the quantities (5) that are gauge-invariant, i.e., invariant under the infinitesimal coordinate transformations (6) . From the transformation properties (7) it is obvious that, e.g., the quantitŷ ,µ . This quantity represents the energy density perturbations on comoving (superscript 'c') hypersurfacesû µ = 0 (cf [14, 15] ). It corresponds to the spatial derivative of Bardeen's quantity ε m [1, 13] .
One easily recognizes that this construction principle of gauge-invariant quantities is applicable for any scalar ( [14, 15] ). E.g., pressure perturbations on comoving hypersurfaces are characterized bŷ
Gauge-invariant descriptions of scalars such as the fluid expansion Θ ≡ u a ;a and the spatial 3-curvature R, to be defined below, areΘ
respectively. All these quantities are gauge-invariant by construction. In order to establish a link between these variables and those introduced by Ellis and Bruni [3] , we have to investigate the key quantities of the latter authors, the spatially projected gradients h 
one finds
and corresponding relations for the spatial gradients of p, Θ, and R in first order. While the quantities h c a ρ ,c etc. vanish in zeroth order since the background was assumed to be homogeneous, they coincide in first order with the gauge-invariant quantitiesρ ,µ etc. The second relation (13) demonstrates explicitly how the Ellis-Bruni variables are related to corresponding gaugeinvariant perturbation quantities with physical interpretations on comoving hypersurfaces. Our considerations may be regarded as a kind of motivation for the usefulness of the Ellis-Bruni quantities from the point of view of conventional perturbation theory. They also establish the connection beween the latter quantities and the quantities of the type (9) and (10) , introduced in [14, 15] . Using the Ellis-Bruni quantities which, by their definition, vanish in a homogeneous universe, one may avoid an explicit decomposition into a fictitious background and perturbations about this (not unique) zeroth order. Since the existence of a gauge-problem is just a consequence of the nonuniqueness of the background, one circumvents the gauge-problem from the beginning by using the Ellis-Bruni variables which are covariant by definition and no perturbation quantities in the usual sense.
The spatially projected gradients by Ellis and Bruni have a physical meaning on comoving hypersurfaces. As to the physical understanding of the gauge-invariant quantities h c a ρ ,c etc., if regarded as conventional first-order perturbation variables in the sense described above, the comoving gauge is naturally preferred. In different gauges, these quantities have no obvious physical meaning, in general. From these statements the impression may arise that there is something special about the comoving gauge, even within a gauge-invariant formalism. This is not the case, however, as we are going to clarify in this paper. It is well-known that there exist obviously reasonable gauge-invariant quantities in the literature having a simple physical meaning in gauges different from the comoving gauge. For reasons of convenience some authors e.g., Bardeen, Steinhardt and Turner [6] , occasionally prefer the 'uniform Hubble constant gauge' or others, e.g., Hwang [22] , the constant curvature gauge. One may therefore ask whether there exist covariant and gauge-invariant quantities that, from the point of view of their physical interpretation, prefer hypersurfaces of constant Hubble parameter or of constant curvature in a similar sense in which the Ellis-Bruni quantities prefer comoving hypersurfaces. As we will see below, there are indeed problems for which a choice of covariant variables different from the Ellis-Bruni choice may simplify the dynamical description. In order to introduce these variables we first recall the basic elements of the cosmological dynamics in terms of the Ellis-Bruni quantities, following here the elegant presentation by Jackson [16] .
III. COSMOLOGICAL DYNAMICS IN TERMS OF THE ELLIS-BRUNI-JACKSON VARIABLES
Instead of applying the field equations (1), we shall investigate the cosmological dynamics within the 'fluid-flow' approach used in [18, 19, 7, 20, 21] . The equations of motion T ik ;k = 0, implẏ
with
and
;n u n . Additionally, we shall use the Raychaudhuri equation for Θ,
Λ is the cosmological constant. The magnitudes of shear and vorticity are defined by
The 3-curvature scalar of the projected metric,
reduces to the 3-curvature of the surfaces orhogonal to u a in the case ω = 0. The homogeneous and isotropic FLRW universes are characterized by σ = ω =u a = 0. Taking the spatial gradient of (14) yields
Introducing a length scale S by
and rewriting the l.h.s. of (21) after multiplying by S as
the equations (21) and (23) may be combined into
where we have introduced the fractional quantity [16] 
Equation (24) is Jackson's eq.(29) [16] . Similarly, taking the spatially projected gradient of the Raychaudhuri equation (17) , one obtains
with the fractional quantity
characterizing the pressure perturbations. Equation (27) is Jackson's eq.(30) [16] . The set of equations (24) and (27) is still completely general. Even for an equation of state p = p (ρ) which allows one to express P n in terms of D n , the equations ( 24) and (27) are, of course, not a closed system for D a and t a since these quantities are coupled to ω and σ and their spatial gradients. From now on we shall assume the spatial gradients as well as σ and ω to be small, i.e., we assume the universe to be almost homogeneous and isotropic. Consequently, up to first order in the inhomogeneities, the factors in front of the quantities D a , P a and t a in (24) and (27) 
where we have used the zeroth-order relations ( Λ = 0)
andΘ
for homogeneous and isotropic universes. The 3-curvature in the latter case is known to be
with the scale factor a of the Robertson-Walker metric. The last term in ( 30) is generally given by ( [16] )
In linear order in the inhomogeneities this reduces to
With an equation of state p = p (ρ) one may writė
where c 2 s ≡ (∂p/∂ρ) ad is the square of the sound velocity. Because of (13) etc., in linear order, the system (29), (30) may be written asḊ
which corresponds to Jackson's eqation (57). From the latter equation one easily derives the well-known growing and decaying modes in the long-wavelength limit for k = 0, equivalent to neglecting the spatial gradient term in the bracket in front of D µ .
IV. NEW PERTURBATION VARIABLES
Let us consider the ratio of the spatial variation of a scalar quantity, say, the energy density, i.e., h c a ρ ,c to its variation in time,ρ ≡ u c ρ ,c . With (13) we find, in linear order,
Obviously, this ratio is a reasonable quantity to characterize small deviations from homogeneity. Similar ratios may be formed for the other scalar quantities of interest:
For k = 0 we may also introduce
For k = R = 0 the 3-curvature perturbations are gauge-invariant, i.e.,
By construction, all the quantities (40) -(43) represent the first-order ratio of the spatial variation of the quantities ρ, p, Θ and R, respectively, to their change in time, on comoving hypersurfacesû µ = 0. The 4-velocity perturbation u µ enters each of the relations (40) -(43) in exactly the same manner, namely simply additively. Forming differences between any two of the quantities (40) -(43), the velocity perturbations just cancel. This suggests combining (40) -(43) in order to obtain new, covariant and gauge-invariant variables. E.g., we may define
In linear order, with (40), (42) and (43), the spatial components are
Generally, all variables of the type (45) and (46) are exact covariant quantities without any reference to perturbation theory. As perturbation variables they are gauge-invariant by construction. From (47) it seems obvious to conclude that h c m ρ
,c / (u c ρ ,c ) in first order represents the ratio of spatial to time variation of the energy density on hypersurfaceŝ Θ ,µ = 0, i.e., on hypersurfaces of constant expansion or constant Hubble parameter, in the same sense as the EllisBruni quantity h c m ρ ,c / (u c ρ ,c ) has a corresponding, well-known meaning in the comoving gaugeû µ = 0 (cf. (13 )). While we shall indeed use this interpretation of (47) in the following, it requires additional clarification. The point is that the quantity ρ, introduced by (4), is the energy density for a comoving (with 4-velocity u a ) observer. A different observer, moving, e.g., with a 4-velocity n a , normal to hypersurfacesΘ ,µ = 0, would interpret a different quantity, namely µ = T ab n a n b as energy density. (Different from the observer moving with u a he would also measure an energy flux.) Generally, ρ and µ are related by (see [23, 13] )
where β(t) is the hyperbolic angle of tilt given by cosh β = −u a n a . Corresponding relations hold for the other quantities like pressure and expansion. It follows that the perturbation quantityρ for a comoving (with u a ) observer will generally not coincide with the perturbationμ, i.e.,ρ will not coincide with the energy density perturbation on hypersurfaces of constant expansion. Now, in the present case we are considering first-order perturbations, while u a and n a coincide in zeroth order. For small angles of tilt, however, i.e., for β 1, the differences between µ and ρ are of second order in β. Consequently, within linear perturbation theory we may identify the quantitiesμ andρ. Similar statements hold for the other perturbation variables. Therefore, the above interpretation of regarding the quantity (47) as the ratio of spatial to time change of the energy density on hypersurfaces of constant expansion,Θ ,µ = 0, is justified up to first order. Since the latter gauge is defined by the vanishing of the gradient ofΘ, the quantityΘ itself is only determined up to a constant.
Analogously, for k = ±1, the quantity h c m ρ
,c / (u c ρ ,c ) in first order represents the ratio of spatial to time change of the energy density on hypersurfaces of constant curvature (superscript 'cc'), defined byR ,µ = 0. The same construction principle may be applied to introduce a variable describing the ratio of spatial to time change of the 3-curvature, 
Again, the 0-component vanishes and the first-order spatial components may be written analogously to (47) and (48), namely
The
where the superscript 'cd' stands for 'constant density'. In linear order one has
The quantity (55) is (48) with the opposite sign. A corresponding relation holds between (56) and (47).
The relations of all of these quantities to the Ellis-Bruni variables are obvious. It will turn out that the perturbation dynamics looks simpler in any of the new variables than it does in terms of the Ellis-Bruni variables. The reason is that the new variables are adapted to hypersurfaces on which one of the first-order spatial gradients of Θ, R or ρ vanishes. None of these gradients vanishes, however, on comoving hypersurfaces.
A. Constant expansion hypersurfaces
Differentiating the Gauß-Codazzi equation (20) and projecting orthogonal to u a yields, in linear order in the inhomogeneities,
where we have introduced the abbreviation
According to (45) and (47) we introduce the fractional quantity
which in linear order represents the fractional, spatial gradient of the energy density on hypersurfaces of constant expansion. Analogously, we define the fractional spatial gradient of the curvature on constant expansion hypersurfaces,
Using the definitions (59) and (60) to replace D a and t a , respectively, in (57), we find a relation between the gradients of the 3-curvature and the fractional energy density on uniform Hubble parameter hypersurfaces:
This is relation (57) written in the variables that are adapted to constant expansion hypersurfaces. The latter relation is also valid for k = 0, where r = r a .
B. Constant curvature hypersurfaces
According to (50) and (52) the fractional energy density gradient on hypersurfaces of constant curvature is characterized by
Analogously, for the gradient of the expansion on these hypersurfaces one has
Inserting D a and t a from (63) and (64) into (57 ), and using the zeroth-order relations (32) and (61), we get
which is again (57), now in terms of variables adapted to constant curvature hypersurfaces. Equation (57) is a linear relation between the three Ellis-Bruni type perturbation quantities D a , t a and r a defined with respect to comoving hypersurfaces. The introduction of the variables (59) and ( 60) or, (63) and (64), respectively, reduces (57) to relations (either (62) or (65)) between only two variables, adapted either to hypersurfaces of constant expansion or to those of constant curvature. Effectively, the number of variables has been reduced in both cases. One may choose, e.g., one of the fractional energy density perturbations, D 
Using here the relation (62) between r as well as the zeroth-order relations (32) and (61), we find the following connection between the fractional energy density gradients on constant curvature and constant expansion hypersurfaces:
C. Constant density hypersurfaces
We define, according to (54) and (56) with (26), the perturbations of the expansion on constant density hypersurfaces,
as well as, according to (53) and (55) with (58), curvature perturbations on these hypersurfaces,
Solving eq.(68) for t a , eq.(69) for r a and inserting into (57) yields
for the perturbed Gauß-Codazzi equation in terms of variables that are adapted to constant density hypersurfaces. 
Analogously, from (69) and (63) one gets
It follows, that t
V. CONSERVED QUANTITIES
We are now going to demonstrate that the system (37), (38) becomes especially simple if rewritten in terms of the newly introduced variables. Starting with the definition (63) of the fractional energy density gradient on hypersurfaces of constant curvature and using (14) and (61), we have
Introducing here (57) for r a and applying the zeroth-order relation (32) yields
Differentiating the latter relation and using the equations of the system ( 37) and (38) on its r.h.s. provides us witḣ
According to (36) the first and second terms on the r.h.s. of (76 ) cancel and we arrive aṫ
This simple relation comprises the entire linear perturbation dynamics for nonflat background universes. In the case k = 0, where the 'cc'-quantities are not defined, one has to modify the above reasoning to arrive at a corresponding relation. From the definition (59) one finds with (14) ,
The r.h.s. of this equation coincides with the expression in the bracket on the r.h.s. of (75). After similar steps like those between eqs.(75) and (77) one gets
Alternatively, taking into account (62), (71) and (70), the quantity a 2Θ D (ce) µ may be replaced to yield expansion, constant 3-curvature, or constant energy density. Their relations to the Ellis-Bruni variables which have physical interpretations on comoving hypersurfaces are established. The conserved quantity in the large-scale limit for k = 0 may be expressed in terms of the gradient of the fractional energy density on constant expansion hypersurfaces or, alternatively, in terms of the expansion gradient on constant density hypersurfaces. The most suitable quantity for the description of the perturbation dynamics in a universe with nonvanishing background curvature is the covariantly defined fractional, spatial gradient of the energy density on hypersurfaces of constant 3-curvature. It is this quantity which is approximately conserved on large scales provided the background curvature terms are small. One may hope that use of the variables introduced in the present paper also simplifies perturbation calculations under more general circumstances.
